Travel time prediction is a well-renowned topic of research. It is primarily influenced by traffic congestion, road conditions and route geometry. Among them route geometry at any point is not investigated enough to find a sound spatial dynamics of timing delays and quality of public transport. This study investigates the reliability of travel time to build a new key performance indicator of public transport network. We have introduced a suitable point wise clustering followed by an adapted statistical significance analysis. The outcome is an estimation of absolute delay at geometrical points independent of the delay at bus station.
Introduction
Public transport is a part and parcel of urban life. Improvement in the quality of public transport plays an essential role in the quality of urban mobility. It goes without saying that the prevention control in delays in the public transport stays at the heart of quality control metrics. It implicitly as well as explicitly governs any system which can monitor the parameters of public transport quality. A prime parameter useful to observe the bus lines functionality is the accurate estimation of time delay. It assists in maintaining an adequate service quality with a reasonable certainty. Low reliability, slow speed and increase load of passengers accumulate towards a situation which ends up in a critical situation for the bus operator Ryus (2003) . Finding the delay or early arrival at a bus station may not be very complicated with the advent of the technological era. The continuous monitoring for over a long period of time enables to provide an immediate analysis to transport operators around pros and cons of delay or early arrival at a specific bus station. However, public transport operators are interested beyond this point. There is a motivation triggered by the needs and wants to find the implicit root cause for a delay at a single or many bus stations other than the obvious reasons at designated bus station. It was reported that on average 60% of travel time in public transport in Beijing China is claimed by delays at intersection Zhang, Lu, Zhou, and Duan (2011) and Liu, Lu, Zhang, and Qiu (2013) . It is an interesting problem to find the correlation lurking between the point geometry and absolute delay status at that point independent of its previous delay (or relative delay). This interesting problem turns into a challenge when the bus data is insufficient to explicitly calculate the relationship between point geometry and timing given a certain number of conditions such as busy or idle hours.
The sophisticated devices such as global positioning system (GPS) receivers provides an opportunity to draw out a travel route profile for a specific vehicle. The vehicle profile is able to estimate the intersection delays whether they are running time delays, acceleration, deceleration or stop delays. For a single vehicle, this is possible merely by examining its route profile. However, on single route, different vehicles face different situations over a range of various time slots. Hence, hardly a single route is not sufficient to provide strong estimation as it is not consistent enough to consider for a long period of time. The term delay is too ESTIMATION OF TIME DELAY 4 broad in context of formulating the bus profile based on the fact that there are numerous types of delays. The delays are caused by traffic congestion, passenger boarding, bus station stop, road delays resulted by specific geometry of the route. Among of these, we have chosen the road delays. Liu et al. (2013) emphasizes the importance of road delays specially on intersections. We have made it generalize that the road delays are not limited to intersection delays rather it can happen at any other point as well. Hence we have introduced the term point delay. We will illustrate this thanks to data provided by local transport company on their bus network in Île-de-France as shown in the figure 3 and 4. To achieve the major goal of analysis on point delay, we face following challenges to fix to provide a timing quality metrics. These challenges are as below:
Integration problem
It is a common practice that the transport operators collect data using different business process and services. Occasionally, these services are incoherent with each other suffering from the problem of mismatching especially if the data collection is made by two distinct third-parties like in our case. At individual scale, such data can be exploited with certain conditions and narrowed usability. However, it is required to merge them well in order to perform a knowledge discovery operation using entire set of information instead of incoherent chunks of datasets. This problem was evident in our case where we obtain two different datasets which we shall discuss in forthcoming section.
Stop time exclusion
In computation of the overall delay, there are many of its components attached to the profile of a vehicle. Techniques have been proposed for initial deceleration delay, queue move time, stop delay followed by final acceleration delay. The same has been discussed with proposal of different models as in Roess and Ulerio (1997) and Ko, Hunter, and Guensler (2008) . This aspect directly influence the further delay on route. So we must have to exclude the stop time delay (std) in all of its possible shapes.
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Dead mileage
This is the out of service transit period. It is a phenomenon known when the bus completes its route and is ready to start a new route. We shall term it as transit period short (tps). In situations when the bus is equipped with GPS devices recording at the a range of specific frequency, the bus will continue on receiving the GPS coordinates during this time.
There is also a situation when the bus goes on off service. For such situation know as deadheading, the bus usually moves towards its depot. We term it as transit period long (tpl).
A mechanism is required to mark both of these transit period separately.
Point delay
Apart from the delays mentioned above, there is another type of delay which is related to operational delay between two bus stations. This is point delay pd which is more complicated to find. It has its root in stipulated speed at specific road segment and designated limits of speed profile as leveraged by the bus operator. In fact, when the bus is in its delay, this might be due to traffic congestion or complexity of the route (narrow and tedious path). Usually if this happens a few times then it is ignorable. However, there is a need to point out the significance level of delay at particular point(s).
Reconstruction of route
Reconstruction of correct route from incomplete data is also a challenge when there is an uneven jump from one station to other station skipping intermediate stations. The precision of the GPS device is important because as the precision is less the GPS coordinates in records are a bit out of the route. The points can be shown on a park or a parallel road or street. Such GPS coordinates not only to be identified but also corrected in pursuit of reconstruction of the route.
Keeping in view of the problems mentioned above, we examined the research work introduced by other researcher. We noticed that more research has been carried out for various types of delays except pd. Our objective in this study is to devise a technique such that we can exactly find the pd. We in this study have proposed a tool to assist the transport operator to find the relations between time status and geometry defined by geographic coordinates. The underlying methodology (herein named as Delay Time and Quality of ESTIMATION OF TIME DELAY 6 Service (DT QS)) of the tool has been validated over bus data provided by local transport company in one sector of Île-de-France. DT QS reflects the degree of variation in the delay time of a trajectory that is repeated in similar conditions across a period of three months.
DT QS can play a key factor that bus operator put in consideration while drawing out basic trajectory decisions, such as decisions regarding mode, route and departure time.
Furthermore, it has a direct impact on travel time variability which is significantly discussed in literature Durán-Hormazábal and Tirachini (2016) . They also shown statistically that public buses running in mixed traffic are suffering more to traffic perturbation. It means specific geometric points are more important to be known to transport operator if the bus has to run outside its marked lanes. Our proposed methodology helps transport operators in their attempts to quantify how much people value reductions in their travel time variability.
The prime contribution of our study is the technique of estimation of point delay irrespective of stop delay, turn delay etc. We focus on the spatial dynamics of the geometric parameters of the road. Researchers pointed out that the intersection delays account for 17% to 35% of the total travel time Nielsen, Frederiksen, and Simonsen (1998) . However,this range is quite broader and needs to be more specific. The proposed geometry point delay is more generalized to cover the intersection delay as well. Moreover, our finding that the point delay accumulates around 23.5% of overall delay is more specific.
The rest of the paper is divided into five sections. In next section, we shall examine the central topic of this research in context of work carried out by other researchers. The section of methodology itself is composed of many subsections explaining our technique for how we achieve our goal. In empirical evidence, we discuss the maps resulted as an outcome of application of the methodology. In the last section, we conclude with brief summary of this study.
Literature Review
One of the earlier work was carried out by Nielsen et al. (1998) in estimation of delay at a specific point in the route. Their work was based on survey data in Copenhagen, Denmark.
They worked on intersection turn delays in medium congested road network of the city of Denmark. The outcome of their research study concluded in a wide range of time delays from 17% to 35% with focus on turn delays only. However, intersection turns are not the only ESTIMATION OF TIME DELAY 7 geospatial points where calculation of turn delay is interesting. A broader approach needs to be put forward with the concept of point delay covering the intersection points as well.
However, even the intersection delays were not very much appreciated for research purpose until a classification work was proposed by Zhang et al. (2011) in large metropolitan area of Beijing China. Intersection delays can be translated into turn costs which constitute a significant part of overall time delays. However, if we generalize this concept then its importance becomes more non trivial. Another limitation of the work carried out by Nielsen et al. (1998) was that equally representative data from survey or field experiment is usually hard to obtain and update frequently.
Later on, another work was forwarded by Ko et. al., Ko et al. (2008) pertinent to the domain of this study. They proposed the methodology of formulation of vehicle profile with the objective of finding the variation in speed at stop, acceleration and deceleration moment.
However, with the advent of modern technological tools, finding and maintaining delays at bus stop is quite common in modern urban transport operators. Now transport operators are more interested in one step ahead where these parameters are required in terms of specific geometry so they can put forward for the solution in considering and investigating the specific geometry at any point. It is reported that the techniques used for modeling the time delays in transports sector have been broadly clustered into three groups Choudhary, Khamparia, and Gahier (2016) . These models are based on machine learning Liu et al. (2013) , Zhang et al. (2011) , statistical models Aron, Bhouri, and Guessous (2014) , Durán-Hormazábal and Tirachini (2016) and historical data based models Roess and Ulerio (1997) , Nielsen et al. (1998) and Ko et al. (2008) . In general these models are aimed at forecasting the delay at a specific station during the trajectory. However, it is also required that root cause of delay be focused as well. The cause of this delay is usually characterized by congestion of traffic, passenger facilities at bus stations. By arguing, we propose the view that geometry of the path is also non trivial to find whether a delay is in norm at a specific GPS coordinates other than the designated station. Such a marking can assist the bus operator in further investigation of possible reasons of unusual delay at that point or resulting a perpetual delay.
In the research of time delay, the reasons of delay have been investigated by many other aspects as well such as finding the nature of distribution of delay time. An interesting work ESTIMATION OF TIME DELAY 8 was proposed by Aron et al. (2014) . They performed a comparison of six statistical distributions to model travel time in perspective of reliability. The six distributions include Lognormal, Gamma, Burr, Weibull, Normal Mixture and Gamma Mixture. They conclude that Gamma mixture and Normal Mixture distributions both correspond to the observed distribution for the fluid conditions. However both were not satisfactory in the traffic congestion time periods. In our conclusion to the existential research, there is a strong impetus for investing the point delay as one of the root cause of the overall delay. Keeping in view of this context, we shall propose and discuss the methodology in next sections. One interesting work using the classical machine learning technique was proposed by Zhang et al. (2011) and Liu et al. (2013) . They focused on prediction of turn delays. They extract the turn delays from road intersection with emphasis on parameters including angle, geographic neighborhood effect and topological relationship of road intersections. They predict the turn delay for the other intersections using the classical neural network. However, we argue that the turn delays needs to be broaden when it comes to those points which are not limited to only road intersection. The delay can occur at points other than turn delays. Conclusively, we put forward the idea that the estimation of point delay in literature is still tangential and needs to be investigated in much depth in order to find its specific and precise impact on overall delay. Keeping in view of these limitations, we have proposed our methodology to overcome the aforementioned issues in the following section.
Methodology
There are different parameters when one need to define the bus profile with a specific goal in mind. While defining the methodology, we have trajectory, set of gps coordinates, speed profile and time delay of the bus. We define each of the them and then come up with the objective function with constraint around which we have drawn out the technique.
Definition 1 (Collection of GPS). It is a set of gps coordinates. Each gps coordinate is composed of latitude, longitude and in addition a time stamp with this pair. We denote this set as below:
p is the set of n points starting from first station to last m th station. Each ps is defined as: 
where j th set of coordinates realize the j th trajectory.
Definition 2 (Time delays). The total delay d during the course of the trajectory of the bus is composed of different types of delays including stop time delays (std), out of service transit period such as transit period short (tps), transit period long (tpl) and point delay (pd).
Mathematically, we shall express it as:
Definition 3 (Constraints). Let we denote speed profile by the letter s, a bus is subjected to
follow up and defined as below. 
Definition 4 (Objective function). 
Statement of the problem
Given a bus trajectory along with its start and end point configuration under particular timing schedule over many days. There are n number of points in between the two points such that a route profile can be defined as a function of set of points p, various time delay d and speed profile s. We can describe it by equation.
Where E is route profile. The objective function in equation 7 is to be applied on the route bus profile such that the new profile z = f (E) is evolved under the constraints as laid out in the equations 8, 6 and 5. For the sake of simplicity we shall name this new profile as z. In the new profile z, we are required to consider only the point delay (pd), the intermediate points between any two stations and the actual speed profile (sp a ). The letter z provides the overall estimation of the route profile in terms of delays at specific points while respecting the above constraints. Keeping in view of the statement of the problem, we have devised an algorithm whose steps are explained in the following sub section.
Geometry based delay finder algorithm
Given the data, the first step is the pre processing of the data which includes cleansing of data and make it suitable for the application of the sepcific algorithms. In this step, from the pool of dataset, we identify each line of the bus given its specific parameters like sub line, chain, range, date, time etc. Then we find the gps coordinates between every two stations by mapping the first dataset to the second dataset (see figure 3 and 4) . The second algorithm 1 identifies all of the points which are actually far away from the road as shown in the figure 1.
The unwanted gps points are either mapped to the correct nearest coordinate or shredded away if far away from the correct point. Here, we reorder all of the points in their true gps order. This ordering is calculable by means of parameters such as the direction of the bus, the time the bus left the gps coordinate.
In the second algorithm 2, the distance between any two points is calculated. This helps in finding the cumulative distance. Then Mark out the 'out of route' gps coordinates resulted in mapping. The real time is available in the dataset of the bus but theoretical time is a compulsory requirement. Here theoretical time refers to the time usually required by a bus to The operation 2 in algorith 1 and 2 in algorith 2 was performed by means of OpenStreetMap APIs (OSMnx) graph modeling Boeing (2017) . The OSMnx modeling assists us in finding the nearest point available on the road. It also assists us in finding the distance and the trajectory between two points. If the distance between two points is returned very large then it means the gps coordinates need to be shredded. The challenge is to find the correct route on circular path as well as crossing path as shown by the figure 1 and 2. In this situation, a bus route passes by a circle and then cross the same point two times but in the ESTIMATION OF TIME DELAY for i = 2 to n do 21: • Cluster the n number of points into m number of clusters.
• Perform statistics on each cluster to identify whether the delay in this cluster is significant or not. (see algorithm 3)
While formulating the cluster, we have available attributes including place names, original gps coordinates, distance between two points, time required to move between two consecutive points. The time was originally available for a complete trajectory. However, our purpose is to analyze the route over large number of days for a given range of time. The bus produces the gps coordinates randomly from every nine to twenty seconds where in occasionally its ESTIMATION OF TIME DELAY 14 frequency was set to ten seconds. Once the bus is passed by a gps coordinate, it is not guaranteed that the bus will pass by this point again in its next trajectory. This means we need to cluster the nearby points. But here a question arises, what are the parameters for the cluster. We must clarify the reason for why we have used the cumulative distance as an input parameter for clustering. We know that k-means is based on euclidean distance. If we use the point to point distance or point to point time then cluster will be composed of random points from the trajectory. The nearest distance points will fall under same cluster. Such a cluster will have no practical value for interpretation. A continuous function is a good candidate for clustering. For this purpose, we derive a new feature of cumulative sum of the distance (see operation 18 in algorithm 2). As the bus starts from its route, its distance naturally increases from the starting point until the end point. This continuous function is also marked by sharp or minor additive value to increase the inter-cluster and decrease the intra-cluster distance.
Another problem in clustering was incoherent alignment of points in the route as shown in the figure 1 and 2. For this purpose, we use the graphical modeling of OSMnx Boeing (2017). The graphical modeling of OSMnx assists us in alignment of the points. Moreover, it is a known fact that selecting appropriate value of k is a scientific problem for which techniques like Silhouette score Hamerly (2002) ; Rousseeuw (1987) and BIC score Hamerly (2002) are well known computational techniques to find optimized value of k. We adopted both of them in our methodology. After many experiments, we noticed that in overwhelming situations, BIC Hamerly (2002) was more helpful in finding the exact value of k in k-means clustering. We used the k-mean clustering from SciPy library Hamerly (2002) .
Results and Discussion
The empirical validation carried out in this study is independent of any assumption of particular distribution (normal or non normal distribution). However, we know that the student t test is a parametric test. It means we are supposed to assume that input in the t test follows a normal distribution. The samples with size greater than thirty are resilient in t test as even if there is a violation of normal distribution, it does not cause much problem in the result. Hence the shape of the data does not effect in case of large sample size as the central limit theorem also support the same assumption. However, it is important to ascertain to observe the degree of deviation from the normality of the underlying data. For this ESTIMATION OF TIME DELAY 15 purpose, we used the Shapiro-Wilk test. If the null hypothesis (assumption of data normality)
is rejected in Shapiro-Wilk test then we have adopted the wilcoxon test as a non parametric test.
We were provided with two different dataset as shown in the figure 3 and 4. The first dataset is "rejeu course" which provides information about a complete route with all of the station name included and the timestamp when the bus pass by. The first dataset is only limited to those courses in which we have the station name and time at which bus passes by.
The second dataset contains GPS locations for every line. A total of 19 buses were documented that had usable data, representing an estimated 13,169 trajectories in 92 consecutive days starting from March 2016 to June 2016. Furthermore, each bus has two directions and many sub lines as well. So the number of unique bus routes accumulates to 97.
We have mapped both of the dataset as the second dataset holds a composite key comprising of parc number and date. However this composite key is not sufficient as the relationship between both dataset is many to many instead of one to many. Based on this composite key, it was imperative that the second dataset must contain the line, sub line, range and chaine number apart from parc id and date. Keeping in view of this situation, a possible solution was to map the closest time. However it raises another problem of mapping same line but different sub line and same bus line in opposite direction at the same time and date as shown in the figure 1 and 2. The steps 7 and 8 in the algorithm were used to handle this problem.
The shrewd reader of the article can notice from the figures 6, 7, 8 and 9 that there are different points of interest marked by four different icon colors. The color variation ranges from high significance to low significance. This can assist the viewer in further investigating for why a number of trajectory across many months produce unusual delay at some specific points. A statistical analysis was launched to make a differentiation in the delays at various points as shown by the colors and their explanation in the legend in the figure 10.
The following explanation applies for only those cases where the instances exhibit
Gaussian distribution behaviour explicitly. In case the data was not following the Gaussian distribution then we adopted non parametric wilcoxon test.
We shall explain how we analyze for normal distribution using student t test. We know that the null hypothesis (H 0 ) states that there is nothing significant between two parameters. These two parameters include the ESTIMATION OF TIME DELAY 16 known fact or existential belief and given parameter to be tested. The p-value acts as a pivot to examine the significance between the known belief and the provided input. Smaller the p-value, the stronger is the evidence against null hypothesis (H 0 We performed multiple testing correction including Bonferroni adjustment and False Discovery Rate (F DR) using the guidelines provided in multiple testing correction Noble (2009) . While performing both of the tests, we noticed that Bonferroni adjustment yields no significant match when alpha was set at 0.05. However, FDR estimation method has been reported as sufficient enough for resulting estimates to be provably conservative with respect to a specified H 0 Noble (2009). The same was noticed in our study.
Example
We took statistical analysis for four bus routes. All of these routes are different to each other but they share a segment in common as shown in the figures 6, 7, 8 and 9. First two routes (top to bottom) are in direction from right to left while the two bottom routes runs in opposite direction (left to right). These are two parallel roads each of them is one-way and there is a clear boundary or limits between both of the ways/roads. If we analyze the maps in the aforementioned figures, one can notice that before the roundabout, there is a week or ESTIMATION OF TIME DELAY 17 minor evidence to reject the null hypothesis H 0 . We shall remind that the null hypothesis is established between two delay vectors, the actual delay and theoretical delay. The hypothesis implies that there is no significant difference between both of these vectors. However upto roundabout (in the figures 6 and 7), we found trivial evidence in favour of rejecting null hypothesis H 0 . Hence we accept into null hypothesis upto these geometry points. However, afterwards, the situation is leading to produce smaller p-value, so we are persuaded in rejecting null hypothesis which means there is a significant time difference in theoretical and real delays. An alternative hypothesis H 1 will be acceptable, hence short to say an unusual or unexpected delay is observed beyond the roundabout. A possible explanation is that, after the roundabout, there are some public offices like bank, mini commercial market and medical centre. The delay might be possibly caused due to the slow passenger movement (getting down or getting into the bus), or due to a crowd of passengers. However, factually there is no bus stop exactly at this point. One key observation is about the busy medical centre whose parking also lies in its vicinity. Although, parking is organized but traffic rush of plenty of vehicles may lead to hamper the speed of traffic flow at the same time slot. This statistical analysis has been drawn for the buses which start around 16:00 o'clock. Certainly these are the peek working hours for public and private offices. The same analysis was performed in other hour-slots and the results were different. Furthermore, the results of the last two routes in the figures 8 and 9 logically supports the first two routes in figures 6 and 7. In fact, once the bus delay time is affected by external factors, its ripple impact lasts for distance afterwards to some extent. But here, we shall remind our shrewd readers that we are talking about the absolute delay at any point and not the relative delay. Hence the single point is responsible for the statistical analysis taken for as many days as possible. In other words, we are not concerned with the ripple effect of the delay at all. One important observation is that although some of the segments of the points in all of the four bus routes share the same blue color icons except its afterwards or earlier coordinates. In two routes, the whole of the segment is suffering from point delay. Both of these routes are in same direction. The two lower bus routes have shown a part of this segment with colors other than blue. This is obvious that at some timings, only one way of the road is more busy. Hence, the example sufficiently proves that our proposed methodology DT QS is effective enough to provide a ESTIMATION OF TIME DELAY 18 point delay across many months using trajectory data of various bus routes.
We took the samples of 20 observations out of total available observations for each bus id as shown in table 1. Each of the the 20 samples were visually observed and verified. The interesting observations is that point delay usually accounts for the delay from 22.57% to 24.56% in 1.96 x standard deviation (96% confidence interval) across all of the bus lines.
Moreover, still it can be noticed that stop time delay is technically the predominant delay but identification of the point delay is also important as it shares approximately one quarter of the total delay as well.
Conclusion
In this study, we have discussed the quality metric associated with the urban transport network. The delay or early arrival plays significant role in planning the time table of the buses across different seasons. The delay itself is composed of numerous components. There are different types of delays available amongst of which the delay at a specific point has not been much appreciated in the scientific community. There is an increasing impetus in transport operators for in depth investigation of the overall delay. In fact, finding this feature is an analysis for one step ahead of typical timing analysis. We, in this study, have proposed a methodology : Delay Time and Quality of Service (DT QS)) which explains for how we can pinpoint those specific paths and geographic coordinates with high importance in terms of major cause of delay. This methodology faces numerous challenges including mapping of incoherent and incomplete datasets drawn out by different vendors. Moreover, we also neglect out the effect of bus stop delays. The most pertinent previous work was related to intersection delays providing quite broaden range of results. However, we have broadened the idea of intersection delay into a concept of geometric point delay with more specific range of outcomes. The point delay accumulates approximately 23.56% of total overall delay.
Moreover, another contribution in this study is that it is not tied to any particular distribution of data. The proposed technique (DT QS)) automatically examines the distribution of the data and then selects the parametric or non parametric test accordingly. For the future extension, we propose to estimate the passengers leaving out the bus at any stop so this flow can also be accounted towards the explanation of the overall and point wise delay. 
